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Abstract This is one of a series of papers exploring the stability speed of 
one-dimensional stochastic processes. The present paper emphasizes on the 
principal eigenvalues of elliptic operators. The eigenvalue is just the best 
constant in the L 2 -Poincare inequality and describes the decay rate of the 
corresponding diffusion process. We present some variational formulas for 
the mixed principal eigenvalues of the operators. As applications of these 
formulas, we obtain case by case explicit estimates, a criterion for positivity, 
and an approximating procedure for the eigenvalue. 
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1 Introduction 

This paper is a continuation of [5] in which the stability speed was carefully 
studied in the discrete situation (birth-death processes) and partially in the 
continuous one (diffusions). For a large part of the study, the description of the 
problem is equivalent to the Poincare-type inequalities or the principal eigen- 
value. On the last two topics, there are a great number of publications (cf. 
[H [6] and references therein for the background and motivation of the study 
on these topics). However, to save the space here, most of the references are 
not repeated in this paper. Consider a finite interval (0, D) for a moment. We 
are interested in some typical Sturm-Liouville eigenvalue problems. According 
to the Dirichlet (denoted by code "D") and Neumann (denoted by code "N") 
boundaries at the left- or right-endpoint, we have four cases of boundary con- 
dition: DD, ND, DN and NN. In the diffusion context, the DD- and NN-cases 
are largely handled in [2 [5] and [H [9] . The present paper is mainly devoted 
to the ND- and DN-cases. As will be seen in the next section, the classification 
for the boundaries is also meaningful when D = oo. 
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The paper is organized as follows. In the next section, we focus on the 
ND-case. First, we introduce several variational formulas for the eigenvalue. 
As a consequence, we obtain the basic estimates, a criterion for positivity, an 
approximating procedure, and improved estimates for the eigenvalue. As far 
as we know, most of these results, except Theorem^ have not yet appeared in 
the literatures. The proofs of them are sketched in Section 3. From Section 
10], we know that the DN-case and the ND-case are dual to each other. Thus, 
as a dual to the ND-case, it is natural to study the DN-case. To which Section 
4 is devoted, partial results come from the duality but some of them are not, 
need direct proofs. The main extension to the earlier study is that here we 
do not assume the uniqueness of the processes, instead of which we adopt the 
maximal extension of the Dirichlet form or the maximal process. Finally, some 
supplement to [2l[3j[9] in the NN-case (i.e., the ergodic case.) is presented in 
Section 5. The complete proofs of the results presented in this paper are quite 
technical and long. However, a large part of them are parallel to [5] and so we 
omit mostly the "translation" from the discrete situation to the continuous 
one. Instead, we emphasis on the difference between them (Lemmas [IHHJ for 
instance), and illustrate a little of the translation for the reader's reference. 
We may leave the details to our homepage or publish them elsewhere. 

The basic estimates are also studied in [10] in terms of iJ-transform. 

Some examples of the study are illustrated in [6J Section 5]. The most 
powerful application of the improved estimates presented in the paper is given 
by [7] where the lower and upper bounds are quite close or almost coincide 
with each other. 

Here we discuss briefly about the problem on the whole line. We consider 
the ND-case only. First, one may regard the whole line M as a limit of [M, oo) 
as M decreases to — oo. Then the mixed eigenvalue problem on [M, oo) is 
known by what we are studying in the paper. Next, one may split R into two 
parts: (— oo, 0) and (0, oo). The case with ND-boundaries on (0, oo) is studied 
in Sections 2 and 3. Besides, the case with ND-boundaries on (— oo, 0) is simply 
a reverse of the DN-case on (0, oo). Therefore, the behavior of the original 
operator on the whole line should be clear. However, there is an interesting 
point here. On (0,oo), we use the minimal Dirichlet form but on (— oo,0) we 
adopt the maximal one. Thus, the domain of the original Dirichlet form on 
the whole line may be neither the maximal nor the minimal one. Therefore, it 
is essentially different from DD- or NN-cases on the whole line we have studied 
in 0, and [8]. 

To conclude this section, we mention that in a more general context, for the 
Poincare-type inequalities, the DN-case was completed earlier (cf. [H Chapter 
6]), the basic estimates for the ND-case in the discrete situation was given by 
Theorem 8.5] from which one can write down easily the continuous version. 



2 The ND-case 
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Define 

^[0, D) = {/ : / is continuous on [0,-D]} and 
^ k (0,D) = {/ : / has continuous derivatives of order k on (0,-D)}, k ^ 1. 

Here and in what follows, when D = oo, the notation ^[0,-D] simply means 
^[0, D). The convention should be clear in other cases but we will not mention 
time by time. Let 

L = a(a;) — + 6(x) — 
da;^ da; 

be an elliptic operator on an interval (0, D) {D ^ oo). Set 

C(x) = f 44d.. 







a(u) 

Throughout this paper, we need the following hypothesis (which is trivial in 
the discrete situation): 

The functions a, b are Borel measurable on [0,D] and a is positive on (0,-D), 
b/a and e c /a are locally integrable on [0,-D]. (1) 

Note that for continuous a and b, the hypothesis (P) is reduced to the condition 
a > only. In this section, we consider the ND-boundaries only. More pre- 
cisely, as usual, the Dirichlet boundary condition at D means that g(D) = 
when D < oo. When D = oo, it is natural to take "lim a; _ i . 00 g(x) = 0" as a 
boundary condition. However, this is not pre-assumed but proved later (cf. 
Lemma[6]below). Therefore, the code "ND" is still meaningful even if D = oo. 

Throughout this section, we work on the following mixed principal eigen- 
value: 

A = inf {£>(/) : fi{f 2 ) = 1, / G *fc[0, D], f(D) = if D< oo}, (2) 
where fi(f) := /d/x, 

<jf K [0,D] = {/:/€ V 1 (Q,D)nV[0,D], f has compact support}, 

D(f) = af d/i, //(da;) = — ^dx. 
Jo a \ x ) 

Besides //, throughout the paper, we often use another measure: v(dx) = 
e~ c ( x )dx. When D < oo, Ao coincides with the minimal solution A to the 
following eigenequation 

Lf = -A/, /'(0) = 0, and f(D) = if D < oo. 

To state our results, we need some notation. Define 

e -C(x) rx 

I(f)(x) = — / /d/i (single integral form), 

/ K x ) Jo 

II(f)(x) = / u(ds) / /d/x, a; G supp(/) (double integral form), 

J\ x ) J (x,D)r\snpp(f) Jo 

R(h)(x) = — {ah 2 + bh + ah'){x) (differential form). 
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The domains of the three operators defined above are, respectively, as follows. 

^/ = {/:/etf 1 (0,.D)ntf[0,Z>], /| (0 ,D) >0, and /'| (0>-D) < 0}, 
&n = {/ : / € V[0, D] and /| (0jD) > 0}, 

Jf = {h:h€V 1 (Q,D)n V[0, D], h(0) = 0, /i| (0jD) < if u(0, D) < oo, 
and <0ifi/(0,£>) = oo}, i/(a,/9) := /fdz/. 

These sets are used for the lower estimates of Ao- For the upper bounds, some 
modifications are needed to avoid the non-integrability problem, as shown 
below. 

&l= {f'f^\xo,xi) n < ^[x ,xi],/'|( a . 0i:El )< Ofor somex ,xiG[0,L>) with 

x <xi,and / = /(■ Vso)l[o,n)}, 
¥ n = {/ : 3x G (0,1?) such that / = /l [0jXo) and / E <*f[0,x ]} ; 
JF={h-3x e(Q,D) such that /iG ^(O, x ) n #[0, x ], ^| (o,a;o)< °' % ,D] =0 > 

and /i(0) = 0, sup (ah 2 + bh + ah') < oj. 

Here and in what follows, we adopt the usual convention 1/0 = oo. The super- 
script "~" means modified. In the formulas of Theorem [1] below, "sup inf" 
are used for lower bounds of Ao, each test function / produces a lower bound 
infj, I(f)(x)~ 1 , and so this part is called variational formula for the lower esti- 
mate of Ao- Dually, the "inf sup" are used for upper estimates of Ao- Among 
them, the ones expressed by the operator it! are easiest to compute in prac- 
tice, and the ones expressed by II are hardest to compute but provide better 
estimates. Because of "inf sup", a localizing procedure is used for the test 
function to avoid /(/) = oo for instance, which is removed out automatically 
for the "sup inf" part. Each part of Theorem [1] below plays a role in our study. 
Parts (1) and (2) are applied to Theorems [2] and El respectively. Part (3) is a 
comparison with Proposition [2j which is then used for a dual form of Theorem 
111(3). 

Theorem 1. Under hypothesis ([TJ, the following variational formulas hold 
for Ao defined by ^ . 

(1) Single integral forms: 

inf sup = A = sup inf I(f)(x)~ 1 , 

ft&i xe(p,D) ze(o,D) 

(2) Double integral forms: 

inf sup II(f){x)- 1 = A = sup inf 2Z"(/)(s) _1 . 
fe&n zgsup P (/) fe&n se(o,D) 

Moreover, if a, 6 E ^[0, D], then we have additionally a 
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(3) differential form: 

inf_ sup R{h)(x) = Ao = sup inf R(h)(x). 

Furthermore, the supremum on the right-hand side of the above three formulas 
can be attained. 

The next result, similar to the discrete case, either extends the domain 
of An, or adds some additional sets of test functions for operators / and II, 
respectively. Besides, as an application of the lower variational formula (The- 
orem Q](2)), we obtain the vanishing property of the eigenfunction (Lemma EJ) 
which leads to the crucial part (1) of the proposition below. The vanishing 
property is the meaning of the Dirichlet boundary at D = oo as we expected. 
A more common description of Ao is given by Lemma [2] below. 

Proposition 1. Let hypothesis ([1]) hold. Then 

(1) we have 

Ao = inf {£>(/) : M (/ 2 ) = 1, / G V\0, D) n <*f[0, D] and f(D) = o} 
= : Ao, 

where f(D) = lim x ^.r) f{x) in the case of D = oo. 

(2) Moreover, we have 

inf sup I(f)(x)- 1 = Ao = sup mi n(f)(x)-\ (3) 
fe&i xe(o,D) fe^i ^g(o,d) 

>f _ sup ir(/)(a?) -1 = A = inf sup IT(/)(a;) _1 , (4) 
fe&n U &n a;6 S u P p(/) fe^i xgsu PP (/) 

where 

W[ = {/ : 3x G (0,D) such that f = f G ^(O,^) 

ntf[0,x ], and f'\( ,x ) < 0}, 
=^7 = {/:/> 0, / G tf[0,Z>], and /!!(/) G L 2 (/.)}. 

Besides, the supremum over {/ G in can 6e attained. 

The operator i? defined below was first introduced in j9j Theorem 2.1] 
based on a probabilistic (coupling) technique. Different from R, it is a "bridge" 
in proving the duality of the ND- and DN-cases. It also leads to a different 
variational formula for Ao as follows. 

Proposition 2. Suppose that a, b G ^(O^D) n^[0,D] and a > on (0,D). 
Set 

Jf= {h: h(0) =0,he ^ 2 (0, D) n ^[0, D], and /i| (0jD) < 0} 
and define 

- (ah' + bh)'(x) 

m{x) = Hx) • 
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Then 

(1) we have sup ftg ^ inf^o ,d) R(h)(x) ^ Ao and the equality sign holds 
once n(0, D) = oo. 

(2) In general, we have 

Ao = sup inf R(h)(x), (5) 

where 

J% = {h£ < ^ 2 (0,D)n < ^[0,Z?] : h(0) = 0, and h<0,ti< -a~ l bh on (0,D)}. 

Moreover, the supremum in flSJ) can be attained. 

Remark 1. (Comparison of R and R ) With h = g'/g, we have 

9 - = -(ah 2 + bh + ah') = R(h). 

9 

Next, with h = g' , we have 

(Lg)' (ah' + bh)' 
~— = h = R{h) - 

As an application of Theorem [T](l) to the test function i/(x,D)" / with 
7 = 1/2 or 1, we obtain the basic estimates and furthermore a criterion as 
follows. 

Theorem 2. (Criterion and basic estimates) Let hypothesis ([T]) hold. Then 
Ao > iff 

5:= sup /x(0, x) u(x, D) < oo, fi(a, /3) := Jjfd/x. 
xe(o,£>) 

More precisely, we have 

(45)" 1 < A s£ (T 1 . 

7n particular, when D = oo, we /iaue Ao = if u(0,D) = oo, and Ao > z/ 
/J ^(0, x) z/(dx) < oo. 

The next result is an application of Theorem [1] (2), repeated with / = f n , 
starting from the initial fx , the test function just mentioned above Theorem 
[21 The result provides us a way to improve the basic estimates step by step. In 
view of the last criterion, for any improvement, one may assume that 5 < oo. 

Theorem 3. (Approximating procedure) Let hypothesis ([1]) hold and assume 
that 5 < oo. Set ip(x) = v(x, D). 

(1) Let fx = yip, f n = f n _xR{fn-i), and 5 n = sup x6(0]jD) U(f n )(x). Then 
5 n is decreasing in n and 



A ^ 5~ l > (4oT\ n > 1. 
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(2) For fixed xq, x\ £ [0,D) with xq < x\, define 

f^=u(-yx , x 1 )l [0>Xl) , fZ°* = {f£?Il{f?J? 1 ))(-Vxo)l M , n>l, 

and let S' n = sup X0 X1 . X0<xl inf x<xi II(f n x °' Xl )(x). Then (T 1 ^ 5'^^ it A for 
n ^ 1. 

(3) Define 

II f oc ,xi || 

r WJn ^ -i 

*» = SU P n(f x ,x iy 

xo,xr.xo<xi -Lsyjn ) 

Then 8~ x ^ Ao, $n+i ^ S' n (n ^ 1), and <5i = S[. 

The next result comes from the first step of the above approximation. 
Corollary 1. (Improved estimates) Let hypothesis ([I]) hold. For Ao, we have 

S' 1 > ^T 1 ^ A > Si 1 ^ {45)-\ 



where 



1 f D 
sup - 1 == / y/p ip(- V x) dp 

x£(0,D) y/<p{x) Jo 

sup ( ^ip(x) [ y/^dfj,+ —fL= [ ^ ,2 d^\ 
xe(o,D) V jo V<P( X ) Jx ' 



(6) 



<Ji = sup (^(0, x) + _L dfx) e [5, 2(5]. (7) 



3 Partial proofs of the results in Section 2 

Some preparations are needed to prove our main results. The first six lemmas 
below, except Lemma [21 are mainly devoted to describe the eigenfunction of 
Ao- The Lemmas are essential in our study. Note that their proofs are very 
different from the discrete situation. The first one below is taken from 
Theorems 1.2.1 and 2.2.1]. 

Lemma 1. (1) Let hypothesis JI]) hold. Then, whenever g and g' are ini- 
tially not vanished simultaneously, there exists uniquely a non-zero func- 
tion g € ^ 1 [0,D] such that g' is absolutely continuous on each compact 
subinterval of [0, D) and the eigenequation Lg = —Xg holds almost ev- 
erywhere. 

(2) Suppose additionally a and b are continuous on [0, D] . Then g 6 ^ 2 [0, D] 
and the eigenequation holds everywhere on [0, D] . 

In what follows, we call the function g given in part (1) of Lemma [1] a.e. 
eigenfunction of A. Remember we need "a.e." only in the case where g" is 
used. Of course, we remove "a.e." if the eigenequation holds everywhere. 

The next result enables us to return to a more common description of the 
eigenvalue. 
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Lemma 2. Let g/[a, /3] be the set of all absolutely continuous functions on 
[a,/3]. Define 

A, = inf{£>(/) : / G s/[0, D], ll/H = 1, and f{D) = 0}. 
Then Ao = A* . 

Proof It is obvious that A* ^ Ao- Next, let g be the a.e. eigenfunction of 
A*. Then, g' £ &/[0,D] by Lemma[TJ(l). By making inner product with g on 
the both sides of Lg = —\*g with respect to /x, it follows that 

-(e c gg')\° + D{g) = K\\g\\\ 

Since g (0) = and (gg')(D) < 0, we have A* > L>(£)/||#|| 2 . Because 5' E 
£/[0,D], it is clear that L>((7)/||g|| 2 ^ Ao- We have thus obtained that 

Ao ^ A* ^ Ao, 

and so Ao = A*. There is a small gap in the proof above since in the case 
of D = 00, the a.e. eigenfunction g may not belong to L 2 (fi) and we have 
not yet proved that (gg')(D) ^ 0. However, one may avoid this by a standard 
approximating procedure, using [0,p n ] instead of [0,D) withp n f D provided 
D = 00: 

lim \$>' Pn) = lim inf {£>(/) : / E tf[0,p n ] n ^(0,p n ), M (/ 2 ) = 1, /| bnjD] = 0} 
= inf {£>(/) :/i(/ 2 ) = 1, / E tf[0, £>] D ^(0, D), /(D) = if D < 00} 
= A< ' D) = A . □ 

Clearly, because of hypothesis (P), we have Ao > once D < 00. The 

next result is a simple comparison. For given a, /3 (a < denote by Aq* 

and A^*'^ respectively, the principal ND- and NN-eigenvalue (the latter is also 
called the first nontrivial eigenvalue or the spectral gap in the ergodic case). 
For simplicity, we use 4- (resp. 44- > T> tt) to denote decreasing (resp. strictly 
decreasing, increasing, strictly increasing). 

Lemma 3. (1) For p,q E (0, D) with p < q, we have Aq°' p ^ > Aq '^. Fur- 
thermore, \ { Q' Pn) U A °* D) ( i.e. A ) as p n ft D. 
(2) For p E (0,1)), we have \f' p) > a[, M . 

Proof (a) Let g (7^ 0) be an a.e. eigenfunction of Aq°' p \ Then g'(0) = 0, 
ff(p) = an d Lg = —X^'^g a.e. on (0,p) by Lemma [T](l). Moreover 

l (o,p)_ DoM n , n _ ,/2, 



H#Hl2(0,p;m) 



J If D = 00 and A» < Ao, then there would exist p n < 00 such that / \( 0,p ' 1 ' < A °' p "' which 
is a contradiction with what we have just proved. 
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By Lemma [21 the proof of the first assertion in part (1) will be done once we 
choose a function g G .e/[0,g] such that g'(0) = 0, g(q) = 0, and 

,y {9) > ^2 M t^M- (8) 

To do so, without loss of generality, assume that <?|(o,p) > (this is a well- 
known property as a reverse of the DN-case for finite intervals, cf. [H Theorem 
3.7]). Then the required assertion follows for 

six — q\ 

g(x) = (g + e)t [0:P) (x) + _ l\p, q ](x), x£ [Q,q], 

once e is sufficiently small. Actually, by simple calculation, we have 

r 2 rQ 



D , q (g) = D 0iP ig) + ^ e _ g)2 y% c ^dx, 



l^llia(0,g;M) 



Thus, © holds iff 



l5lli 2 (o, P;At ) + e ^(25 + e)dfi + - i y% - (?) 2 d/i. 



< ^ ^ P (2 5 + e)d// + ^3^2 /% " «) 2d p) D oM- 

Since a[, ' p) = -Do,^ (f) / 1 1 f 1 1 1,2 (o, p;M ) ' [t suffices tnat 

which is obvious for sufficiently small e. 

The second assertion in part (1) has just been proved at the end of the 
last proof. 

(b) Part (2) of the Lemma strengthens in the present situation a general 
result that Ai ^ Ao proved in [2j Proposition 3.2]. Let g / constant be an a.e. 
eigenfunction of \^' p \ Then </(0) = 0, g'{p) = and Lg = —Xf'^g a.e. on 
(0,p) by Lemma [T](l). Moreover 

x (o, P ) _ DoAd) v (t\- &a„ VoAf) 2 

Without loss of generality, assume that g is strictly increasing (cf. [5j Propo- 
sition 6.4]). Then we have 

g(x) := g(p) - g(x) > on (0,p). 



10 



Mu-Fa CHEN, Ling-Di WANG, Yu-Hui ZHANG 



Thus, g'(0) = 0, g(p) = and moreover 

A (o, P ) = A), P (g) = A), P (g) DoAd) > A (o, P ) Q 

1 " Var (0j ,)(sf) ||5||| 2(0ip;/l) -M(5) 2 //^(0,P) HsIII^m) " ° 

Before moving further, let us mention a nice expression of L: 

dfi du 

which can be checked by a simple computation. Next, a large part of the 
results in the last section is related to the Poisson equation Lg = —f, a.e., 
from which we obtain 

^-9(P) ~ = " / fdfi, a, p e [0, D], a < (3. (9) 

du du J a 

Furthermore, if g'(a) = 0, then we have 

g(q) - g(p) = - f »W) I f^, P , q e[o,D], P < q . (10) 

J n J a 



Especially, because 



±g(0) = e c ^g'(0) 



and ([9]), with / = Xog, it follows that 
d 



[ j(s) = -\ J gdfi, se(0,D). (11) 

Lemmas 2] - given below consist of the basis of the test functions used 
in the definitions of and Jtf. 

Lemma 4. Let g be a non-zero a.e. eigenfunction of Ao > 0. Then g is 
strictly monotone. 

Proof Because Ao > 0, g can not be a constant. We need only to prove 
that g' ^ on (0,D). Suppose that there is a p £ (0, D) such that g'(p) = 0. 
Then, by the eigenequation restricted to (0,p), we would have Ao ^ A^ , 

where A^°' p ^ is the minimal eigenvalue with Neumann boundaries at and p. 
To see this, by (fTT|) . we have fJ*o tP (g) = since </(0) = and g'(p) = 0. From 
here, it is quite standard to prove the required assertion. By making inner 
product with g on the both sides of the eigenequation with respect to fio,p, it 
follows that 

-{e c gg')\o + D oAg) = ^oAa 2 )- 



2 Note that D , P {g) = D 0lP (g) and Var (0 , p )(<?) = Var { o !p) (g). 
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Again, because of g'(0) = g'(p) = 0, we obtain Ao = Do ;P (g)/ Ho,p{g 2 )- Hence, 

D , p (g) D , p (g) , , 

A ° = Ti\ = Vt rr ( smce W,p 9 = 0) 



inf { D o,p(f) . ; G y i (0 j n if [0,p], / € L 2 (0,p; M ), / ^ constant) 

Now, by Lemma O we obtain 

Ao > Af rt > > X^ D) = Ao- 

This is a contradiction provided Ao = Ao- Here and the lemma below, we 
pre-assume that Ao = Ao which will be proved soon after Lemma [6l We will 
also mention in the proof that the pre-assumption is reasonable. □ 

Lemma 5. The a.e. eigenfunction g of Ao is either positive or negative ev- 
erywhere. 

Proof If Ao = 0, then g must be a constant and so the assertion is obvi- 
ous. Now, let Ao > 0. By Lemma HI without loss of generality, assume that 
9 r \(o,D) < and g(0) > H . We need only to prove that g / on (0,D). 

If otherwise g(p) = for some p £ (0, D), then, since Ag°' p ^ is the minimal 
ND-eigenvalue on (0,p), the eigenequation restricted to (0,p) shows that0 

-X) ^ ^o > A — ^0 — ^0) 

which is a contradiction. □ 

Because of (fTT|) . we have I(g)^ 1 = Ao- This explains where the operator I 
comes from. Next, from (|10p . we have 

g(x) - g(D) = A [° u(ds) f gdfi. (12) 

Jx JO 

When D < oo, since g(D) = by our boundary condition, we obtain Il(g)^ 1 = 
Ao- This explains the meaning of the operator 77. To show that the last 
assertion holds even for D = oo, it is necessary to prove that 5(00) = 0. This 
is impossible if Ao = since then g can be an arbitrary non-zero constant. 

Lemma 6. Let D = 00. If Ao > 0, then its a.e. eigenfunction g satisfies 
9(oo) = 0. 



3 About g(0) > 0. Since Lg = -\og on (0, D), by (JTJJ), we have dg(s)/dv = 
-A gdfi,s G (0, D). So / S gdfj, > by g < 0. This implies that g(0) > 0. Other- 
wise, one would get a contradiction with f^ gdfi > since g' < and then g ^ 0. 

4 The proof of Ao Aq° is similar to the one of Ao Aj° given in the last proof. 
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Proof Without loss of generality, by Lemmas[3]and[5l assume that g'\(o,D) < 
and g\[ ,D) > 0. 

(a) By what we have just seen and the decreasing property of g, we have 



u(ds) / gdf-i ^ 5(00) / v(ds) / d/i. 



g(x) - g(oo) 
Ao 

Thus, g(oo) = once / °° u(ds) f Q s dfx = 00 (which is the uniqueness criterion 
for the semigroup or the nonexplosive criterion for the minimal process) since 
the left-hand side is finite, 
(b) Otherwise, we have 

M(x) : = / v(ds) / d/x < 00, x£(0,D). 

Jx Jo 

Let / = g — g(oo) and suppose that 5(00) > 0. Then / € &n and moreover, 

fll(f)(x) = Ao" 1 - 5(00)) - g(oo)M(x) = X^f(x) - g(oo)M(x). 
We arrive at 

TT(t\( \ 1 ( \ ■ f M ( X ) 

sup II(f){x) = — - g{oo) mf -77-^ 
16(0,00) A o ze(o,oo) J(x) 

Since /(oo) = and M(oo) = 0, by Cauchy's mean value theorem, we have 

. c Mix) . f M'ix) . c e~ c ^ f x e c ^ , 
mf — — ^ mf = mf — — / — ^-du 

xg(o,oo) f(x) x€(o,oo) f'(x) ze(o,oo) g'(x) J a(u) 

e -C(x) r-x 

^ inf r^TTTT / ffd/x (since g' <0 and g>0 on (0, D)) 

xg(o,«D) g{0)g'{x)J 

= inf — r-r-TCffXaO = , \ ; > 0. 
x e (o,oo) 5 (0) vyn ; Aoff(0) 

Inserting this into the previous equation, it follows that Ao< inf ,j. e (g )00 )//(/) 
But inf;j. 6 (o,oo) H{f){ x )~ l ^ Ao is a part of Theorem [1(2) and will be proved 
soon below, without using the properties of the a.e. eigenfunction g. We have 
thus obtained a contradiction. □ 

Proof of Theorem^ and Proposition^ Similar to the proof of [5J Theorem 
2.4 and Proposition 2.5], we can prove the assertions by two circle arguments. 

To prove the lower estimates, we adopt the following circle arguments: 

Ao ^ A ^ sup inf I(/)(x)" 1 
fe^i *e(o,£>) 

= sup inf Iimix)- 1 = sup inf Iimtx)- 1 (13) 

f^jfj xe(o,D) fe&jj xe(o,D) 

^ sup inf R{h){x) > A . (14) 

heJj fx&(0,D) 



5 The details are given in Appendix A.l. 
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For the upper estimation of Ao, we adopt the following circle arguments: |f| 

A < inf sup II{f){x)- 1 = inf sup II^x)' 1 (15) 

/ ei% U &' a ^'6supp(/) fe&n xesu PP (/) 

= inf sup II(f)(x)~ 1 = inf sup I(f)(x)~ 1 
fe&t xesu PP (/) /e#i xe(o,D) 

= inf sup /(/)(x)~ 1 (16) 
fe&l xe(o,D) 

< inf_ sup sC A . (17) 

hGJif x£(0,D) 

In fact, most parts of the proof here are parallel to those in the discrete case 
(see Section 2] ) . Actually, one can follow the cited proofs with some changes 
illustrated here. For instance, to prove Ao ^ snpj e ^ H ini xe ^ D ^ II (f)(x)~ 1 , 
following [5j Part I (a) of the proof of Theorem 2.4 and Proposition 2.5], let g 
(irrelated to the eigenfunction) be a test function of Ao: g £ < ^ 1 (0, D)n'tf[0, D], 
g(D) = 0, and n{g 2 ) = 1- Then for every h with /i|(o,d) > 0, we have 



rD C(x) / rD W 

rD e C(x) rD e C(t) ^ rD ws 

^ / — j-^-dx g'it) dt , . ds (by Cauchy-Schwarz's inequality) 

Jo a{x) J x hit) J x e c ( s > 

[ D e C(i) , /"* e c ( x ) /- D /i(s) 

= / , . . q' it) dt / — r^dx / „, . ds (by Fubini's Theorem) 
7o h(t) yK > J a{x) J x e C« v ' 



< DO/) sup — / — -dx / -^-ds 



te(o,£>) h(t) Jo a ( x ) Jx e°( s ) 

=:D(g) sup H{t). 

te(o,D) 

For / G satisfying sup^g^^) H(f)( x ) < °°i we specify /i(i) = J a(s) _1 e c '^^ 
f(s)ds. Then by Cauchy's mean value theorem, it follows that 

i r D r s P c ( u ) 

sup H(t)^ sup -— e- c ^ds -—f(u)du = sup II(f){x). 

t€(0,D) x<={0,D) J\ x ) Jx Jo a \ u ) x£(0,D) 

Hence, 

inf II(f)(x)- 1 < inf H{t)~ l ^ Dig). 
xe(o,D) KJJK ' te(o,D) w v ; 

Making infimum with respect to g, we obtain the required assertion. We have 
also completed the proofs of Lemmas 2] [6] 

From now on in this section, we assume that the a.e. eigenfunction (say 
g) satisfies g > and g' < on (0, D), g'(0) = 0, and g{D) = (recall that 
g(D) = \im. x ^ D g{x) if D = oo). 



"The details are given in Appendix A. 2. 
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As mentioned before Lemma El the operators I and II are all come from 
the eigenequation. Here we show that so is the operator R. Rewrite the 
eigenequation as 

L9 -A 
— A 

9 

which is meaningful since g > 0. To simplify the left-hand side, in the discrete 
case, one uses the ratio g(x + l)/g(x). However, this is useless in the present 
continuous situation. What instead is using the function h = g' / g. Then 

-— = -{ah 2 + bh + ah 1 ) = R(h). 
9 

The conditions g > and g' < on (0, D) lead to the restraint /i|(o,d) < hi 
defining '. Note that the inverse transform h — > g is unique up to a positive 
constant: 



g{x) = exp 



h(u)du 



o 



The restraint allowing h = in the definition of Jf? is to include the degener- 
ated case that g' = when Ao = (then D = oo by hypothesis dJJ)). Clearly, 
the use of R is essentially the use of L. Since this, we make the continuous con- 
dition on a and b once concerning with R. Because of this point, we need two 
additions in the above circle arguments: the right-hand side of (|13p is not less 
than Ao and the right-hand side of (|16j) is no more than Ao • This is rather easy 
since for the a.e eigenfunction g, we have 1(g)' 1 = Ao and 11(g) = Ao by 
(jlip . (|12p and Lemma [6l Actually, the required assertion was also contained 
in the corresponding proof of the discrete situation. 

As another illustration of the proof moving from the discrete case to the 
continuous one, we consider a proof for the upper estimates. For instance, we 
prove that 

A ^ jnf _ sup II(f)(x)' 1 . 
fe&n U zesupp (/) 

Before moving to the details, let us mention that, for the upper estimates 
of Ao, we are actually using a comparison between Ao and X^' x °\ Thus, for 
the upper estimates of Ao, we indeed use the restriction on [0,xo] of the test 
functions, ignoring the behavior of them out of [0, xo]. 

Given / E with / = /l[ ,x ) f° r some xq S (0, D), let 

9 = /#(/)l SU pp(/)- 

Then g £ L 2 (/i). since 



e c g' 



/•X 

( x ) = - /d/^ on [0,x ), 
J o 
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by the integration by parts formula, we have 



D(g)= e c ^g'(x) 2 dx = - (dg(x)) /d/x 
Jo Jo Jo 

rxo rx 



/x 
dg(t)fi(dt) (by Fubini's Theorem) 



o Jt 

x 

f(t)(g(x )-g(t)) f i(dt) 

rxo 

/ fgdu (since g(x ) = 0). 
Jo 



Hence 



D{g) < r°g 2 dfi sup f - = ix(g 2 ) sup II(f){x)-\ 

JO (0,x ) 9 x€(0,x ) 

Since g E L 2 (fj,), it follows that 



A o < ^4; < su p W)" 1 - ( 18 ) 

MS ) supp(f) 



for every / E It remains to show that the same assertion holds for every 
/ E J^jj. Recall that in the proof above, the conclusion g E L 2 (/i) comes from 

the finiteness of xo- Otherwise, if xq = D = oo, then / E means that the 
function g = f 11(f) is assumed to be in L 2 (/i), and so the proof above still 
works. So we obtain again the required assertion. 

Hopefully, we have explained enough the difference between the discrete 
and the continuous cases. Now, one may follow [5J Proof of Theorem 2.4 and 
Proposition 2.5] (quite long and technical) to complete the whole proof. □ 

Before moving further, let us mention a fact about the localizing procedures 
used in Theorem 0(2). Instead of the approximating to the infinite state space 
(D = oo) by finite ones, it seems more natural to use the truncating procedure 
for the test function /: /( n ) = ft\o tXn \ with x n f oo. The next result shows 
that such a procedure is not practical in general. 

Remark 2. Assume that hypothesis (HD holds. Let D = oo and g be the 

eigenfunction of Xq > 0, define g^ = glfo,^) f or some x n E (0,oo). Then 

inf H(gW)(x) = 0. 

x £ supp (g^* 1 ' ) 



In particular, mf x esupp ( 3 (n)) II(g^)(x) does not converge to Aq 



as x n — > oo. 
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Proof By the definition of g^ n \ we have 

1 fX n rs 

inf II(g^)(x) = inf / e" C(s) ds / g {n) d/i 

xGsupp(g(")) xe[0,x„) 7a; J 

= inf — - / e~ c ^ds / g&n 
xe[o,x n ) g(x) J x J 

= JS* ^ r(-AoVW)d S (bydD) 

= . e [l)A^) ( ^ ) "^ )) 
- inf l(l 5(X " } 



ie[o,i„) A V g( x ) 
= (since g G <if [0, £>] and g ||). □ 

Proof o/ Proposition^ (1) Let g G ^(O.Z?) with a > and g' < on 
(0,P>), and let /i(x) = -e~ c ^ £ gdfi. ThenQ ft £ ^ and 

^ )( ,) = -M^M = |M>o. 

This clearly implies that sup ftgJ ^ inf xe ( ,D) R(h)(x) ^ 0. 

(2) Without loss of generality, assume that A > 0. Since a, b G ^(O.-D), 
there exists an eigenfunction g such that H /i := </ G and 

R(h){x) = -(Lg)'(x)/g'{x) ee A . 

Thus _ _ 

sup inf R(h)(x) ^ sup inf R(h)(x) ^ Ao- 

h£lF x€(0,D) h& . %i xd(0,D) 

Now, one can complete the proof following that in the discrete case (0 
Proof of Proposition 2.7]) H . □ 

To prove Theorem [21 we need the following result. 

Lemma 7. Given two nonnegative, measurable, and locally integrable func- 
tions m and n on [0, D], suppose that 



rD rx rD 

I n(y)dy < oo and c := sup / m(y)dy / n(y)dy < 

Jo x£(0,D) JO Jx 



7 ft(0) = 0, h' = -bh/a - g/a < -bh/a. So ft G %? 2 (0,D) n tf[0,D]. Thus, ft G J^. 
Moreover, ah" + bb! = -g < 0. 

8 We have g'(0) = 0, g G tf 2 [0,D], g > and g < on (0, D) by Lemmas [U H and [5] 
Since h = g' and a, b G r tf[0, D] n ^(O, £>), we can see that ft(0) = and 

ft' = g" = - A0fl + 6g ' G ^(0, D), aft' + 6ft = a<?" + 6 5 ' = -A ff < 0. 

So ft G ^ 2 (0,D)n^[0,D], ft' < -a^bh and then ft G 
9 The details are given in Appendix A. 3. 
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Set if)(x) = f D n(y)dy. Then for every r G (0, 1), we have 

m(yW{y)dy < ^—^-\ x ), x G (0,D). 

Proof Let M (x) = m(y)dy. Noticing that M'(x) = m(x) and Mip < 
c, we obtain the assertion by using the integration by parts formula. □ 

Proof of Theorem [2] To prove the lower estimate, without loss of gener- 
ality, assume that 5 < oo. Applying Lemma [7] to m(x) = e c ^ /a(x) and 
n{x) = e~ c<yX \ we get 

tp r (yMdy) = [\ r (y)m(y)dy ^ J—^~\x), x G (0,D). 
Jo i — r 

Put / = (p r . Then / G &j and I(f)(x) <5/(r — r 2 ). Optimizing the inequality 
with respect to r, it follows that 

/(/)(&) < inf <5/(r - r 2 ) = 4(5. (19) 

0<r<l 

We have thus proved the lower estimate. 

For the upper estimate , we choose the test function / = v{xq V 
•, xi)l[ 0iXl ) for some xo, x\ G [0,D) with xo < x\. Then, the assertion follows 
by using either the variational formula for upper estimate given by Theorem 

□(1) 

A ^ inf sup /(/Xx)- 1 

/eJ*j xG(0,D) 

or the classical variational formula: 

II fX0,Xl || 

Ml 



A o 1 = 1 = K 1 ^ SU P 



•I'd 



and then letting x\ — > D. 

At last, if i/(0, D) = oo, then we have u(x,D) = oo because of hypothesis 
([T]). Furthermore, fj,(0,x)v(x,D) = oo for every x G (0, D). So 5 = oo and 
Ao = 0. If Jq 00 /i(0, x) u(dx) < oo, then for each x G (0, D), we have 

/*_D /'OO roo 

(j,(0,x)v(x,D) = / j u(0,x)z/(dt) < / fi(0,t)v(dt) < / /i(0, x) v(dx) < oo. 

ii Jx JO 

Hence, 5 < oo and Ao > 0. □ 

Proof of Theorem [3] and Corollary Q] @ Simply follow [5l Proof of Theo- 
rem 3.2 and Corollary 3.3]. We mention that the proof of U S[ ^ 25" and the 
computation of 5[ are not easy. □ 



1 The details are given in Appendix A. 4. 
11 The details are given in Appendix A. 5. 
12 The details are given in Appendix A. 6. 
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4 The DN-case 

We now turn to study the DN-case. As in Section 2, we use the same nota- 
tion ^[0, .D], c & k {0,D) and the operator L. The main different point for the 
eigenequation Lg = —Xog is the boundary conditions: g(0) = and g'(D) = 
if D < oo. Now define 

A =inf|^^:/G<r 1 (0, J D)n^[0, J D], D(f) < oo, /(0) = 0, /^oj, (20) 
where 

£>(/) = / a/'V M(dx) = ^--dx, C(x) = / 

Jo a(x) J a(u) 

Again, define v(dx) = e~ c ^dx. Here, we have used the hypothesis ([1]). The 
restraint u D(f) < oo" in (f2"Uj) is to avoid oo/oo since we allow /«(/ 2 ) = °°- 
Then the restraint "/ ^ 0" is needed to avoid 0/0. Note that the restriction on 
the set of test functions disappears in (|20p . This means that the maximal 
Dirichlet form or the maximal process is used here, instead of the minimal one 
used in Section 2. In other words, we do not assume the uniqueness of the 
semigroup, which is different from what we studied earlier in [T]-H] and [9]. 
The constant Ao defined above describes the optimal constant C = Aq 1 in the 
following weighted Hardy inequality : 

fi(f 2 ) ^CD(f), /(0) = 0. 

(See [U Section 5.2]). In other words, we are studying the weighted Hardy 
inequality in this section. To save the notation, we use the same notation Ao, 
/, IT, R and so on as before, each of them plays a similar role but may have 
different meaning in different context. 

Before going to our main text, we note that in the definition of Ao, one 
may replace ^(0, D) n ^ [0, D] by £?[Q, D] as shown by Lemma El 

Now, we review some notation defined originally in [31 [9] and introduce 
some new ones as follows. 

e -C(x) rD 

I(f)(x) = / f d/j, (single integral form), 

/ \ x ) J x 

Y rx rD 
II(f)(x) = ——— / u(ds) / f da (double integral form), 

J\ x ) Jo Js 

R(h)(x) = -(ah 2 + bh + ah')(x) (differential form). 

The domains of I, II and R, respectively, are as follows. 

&i = {/ : / € V\0, D) n Y[0, D], /(0) = 0, and f'\ M > 0}, 
&n = {f ■■ f € V[0,D],f(0) = 0, and /| (0)D) > 0}, 

Jf = h.:h€ ( if 1 (Q,D)n tf[0, D], h\( ,D) > 0, and J 0+ h(u)du = oo}, 
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where J 0+ means Jq for sufficiently small e > 0. These sets El are used for the 
estimates on lower bounds of Ao- For the upper bounds, we have the following 
domains. 

¥ 1 = {/ : 3x g (0, D), f g ^(0, x ) n tf[0, £>], /(0) = o, / = /(• A s ), 
and /'l(o,x ) > 0}: 

^ = {/ : 3x £ (0,1?), / G ^[0,x ], /(0) = 0, / = /(• A x ) and /| (0i!B()) > 0}, 
Jf= : 3x G (0,D), ft G ^(0, x ) n ^[0, D], h\ {0iXo) > 0, / 0+ /i(u)du = oo, 

h\[x ,D] = 0) and sup (a/i 2 + 6/i + ah') < >. 

(0,x ) J 

Besides, we need also 

&n = {/:/> 0, / € ^[0,£>], and ///(/) G L 2 (/x)}. 

Under hypothesis ([T]), if (J,(0,D) = oo, then Ao defined by (PU|) is trivial. 
Indeed, let 

/ = 1 (<5,D] + ^[0,5]) 

where h is chosen so that h(0) = and / G (0, D) n ^[0, -D] (For example, 
fr( x ) = - x 2 /<5 2 + 2x/<5). Then D(f) G (0,oo) and /i(/ 2 ) = oo. It follows that 
A = 0. 

Otherwise, fj,(0,D) < oo. Then for every / with ^(/ 2 ) = oo, by setting 
f(x ) = f(. A XQ ) G L 2( M ) a we have 

oo > D(f( x °)) t £>(/) and oo > m(/ (:s ° )2 ) -> ;u(/ 2 ) asx ^D. 

In other words, for each non-square-integrable function /, both /j(/ 2 ) and 
D(f) can be approximated by a sequence of square-integrable ones. Hence, 
we can rewrite Ao as follows. 

A = inf {£>(/) :fi{f 2 ) =l,/(0) =0, and / G < ^ 1 (0, D) n ^[0, D]}. (21) 

In this will be seen soon but not obvious, we also have 

Ao = inf {£>(/) : fi(f) = 1, /(0) = 0, / = /(• A x ), / G <^(0, x ) D tf[0, x ] 
for some xo G (0,-D)} =: Ao- 

Now we introduce our main results. Their relations are very much the 
same as indicated in Section 2, except that the test function used in Theorem 
His i/(0, xyi but not z/(x,L>) 7 (7 = 1/2 or 1). 

13 About the set of M 1 : The functions g and h are one to one: h — g j g and conversely 
g(x) = g{e) exp [ h(u)du] , x £ (0,D). So g(0) = implies h(0) = 00 and conversely 
g(0) = is implied by f h(u)du = 00. 
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Theorem 4. Let hypothesis ([I]) hold. Assume that fx(0,D) < oo. Then 
Ao defined by ([2"0]) or (f2"T|) coincides with Xq and the following variational 
formulas hold. 

(1) Single integral form: 

inf sup /(Z)^)" 1 = Ao = sup inf /(/Xx)" 1 . 

/G,^/ zG(0,D) /G^/ a:G(0,Z5) 

(2) Double integral form: 

A = inf sup II{f)(x)- 1 = inf sup iT(/)(z) -:l = inf sup JJ(/)(x)^ 1 
fe&ixe(o,D) /gJ%xg(o,d) fe&nu&' a xe(o,D) 

A = sup inf = sup inf 

Moreover, if a, b G ^[0,-D], i/ien we a/so /iaue a 

(3) differential form: 

inf_ sup R(h)(x) = Ao = sup inf R(h)(x). 

h£^fxe(0,D) h€Jlf x£(0,D) 

Theorem 5. (Criterion and basic estimates) Ze£ hypothesis ([1]) /io/d. XTien 
Ao defined by (j20|) (or equivalently Ao provided /i(0, D) < oo) is positive iff 

5:= sup z/(0, x) Z?) < oo. 

xe(o,D) 

More precisely, we have 

(45)- 1 ^ A «S (T 1 . 
In particular, we have Xq = if /x(0, Z?) = oo, and Ao > i/ 

D < oo or (a(u)~ l e c{u) + e~ c ( u) ) dn < oo. 

Proof The result was proved in [2 Theorem 1.1] except the case that 
//(0, D) = oo in which case Ao = (<5 = oo) and so the assertion is trivial. 

Theorem 6. El (Approximating procedure) Let hypothesis ([1]) hold. Assume 
that (i(0, D) < oo and 5 < oo. Set <p{x) = z/(0, x) for x 6 (0, L>). 

(1) Dearie fx = y/tp, f n = / n _iI/(/ n _i), n ^ 2, and Ze£ <5„ = sup II{f n )(x), 

xe(o,D) 

n ^ 1. Taen 5 n is decreasing in n and 

A ^ > (4oT\ n > 1. 

(2) For fixed xq £ (0, D), define 

f[ X0) =^.Ax ), ft*) = (fi x °}ll(f^}))(-Ax ), n>2, 

14 The details of the proof are given in Appendix B.l. 
15 The details of the proof are given in Appendix B.2. 
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and let 8' n = sup Xoe r ^mi xe (Q^II(f n ^ x °')(x). Then 5' n is increasing in n 
and 



Next, define 



6-^6' ^Ao, n^l. 



5 n = SUP 7 r-, 71 ^ 1. 

,06(0% £>(/n (S0) ) 



T/ien J,^ 1 ^ Ao, 5 n +i ^ <5„ / or even/ n ^ 1 and 5\ = 5\. 

Corollary 2. (Improved estimates) We have the following estimates: 



where 



1 



sup — == / <p(xA-)^dn 
xe(o,D) ytp{x) Jo 

sup f —7== / V 3/2 d^ + / >/P d A*Y 

z(0,D) VVV I JO / 



.re 



xe(o,D) <p(x) Jo 



5[ = sup —7-^-/ ^A3;) 2 dfi G [5,2(5]. 



Since the proofs of the above results are either known from [2J [3] or parallel 
to [5], here we make some remarks only. 

Remark 3. (1) As mentioned in [S], the original proofs given in are still 
suitable to support the idea using the maximal Dirichlet form instead of the 
uniqueness assumption. 

(2) As discussed in the last section, it is natural to extend a and b from 
continuous to measurable in the case using operators / and II only. 

(3) About the duality. Recall that 

l = AA 

dfi du 

The dual operator of L is simply defined as 

r * d d 
d/i* dis* 

For the boundaries, simply exchange the names Dirichlet and Neumann. The 
basic results for these operators are Xo(L) = Xq(L*) and 5 = 5*, where Xq(L) 
and 5 are defined in Section 2, and Xq(L*) and 5* are defined in this section 
replacing L with L*. The proof goes as follows. 

(a) Reduce to finite D. By an approximating procedure we have used 
many times before, it suffices to prove the assertion for finite D. The point is 



3 The details of the proof are given in Appendix B.3. 
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that for Xq(L), one needs to consider only the test functions having compact 
support; for \q(L*), it suffices to consider the test function / = /(• A xq), 
where xq varies over (0, D). 

(b) By a standard smoothing procedure, one may assume that a and b are 
smooth. 

(c) The identity of \q(L) and Xo(L*) is a combination of Proposition [2](2) 
and Theorem H](3). The discrete case was given in [SJ Section 5]. An alterna- 
tive proof of this assertion is presented in [6] based on isospectral. Note that 
in the last proof, the finiteness of D is crucial, otherwise, the domains of L 
and L* are essential different unless the Dirichlet form corresponding to L* is 
assumed to be regular. 

(4) When D < oo, one may simply reverse the variable to obtain one 
from the other of the ND- and DN- cases. In this sense, the identity Ao(£) = 
Xo(L*) stated in (3) is quite natural even though the duality is not a "reverse 
transform". When D = oo, these two cases are certainly different since the 
Dirichlet boundary at is touchable but not the one at oo. We mention that 
the variational formulas and then the approximating procedure in this section 
are different from those deduced by the dual approach. It is interesting that 
in the discrete situation, the approximating procedure given by Theorem [6] is 
often less powerful than those given by Theorem [3] in terms of duality. Similar 
phenomenon happens in the continuous situation as shown in [7] with D < oo. 



5 Supplement to the NN-case 

Everything is the same as those in the last section except the mixed eigenvalue 
Ao is replaced by 

Ai = inf {£>(/) :/i(/) = 0, /u(/ 2 ) = l, and / 6 ^(0, D) n tf[0, D}}. (22) 

Let us repeat that throughout this section, we assume that hypothesis (HJ 
holds and n(0,D) < oo. 

The supplement consists of three parts. The first one is using the maximal 
Dirichlet form instead of the uniqueness assumption of the semigroup. The 
second one is using the "a.e. eigenfunction" instead of "eigenfunction" . These 
two parts have already been studied in the last section. See also (9] for some 
supplement to the original paper. The third part is about the monotonicity 
of an approximating procedure which we are going to study below. 

Define 

/ = /-7r(/), fl = V<P, fn = fn-lH{fn-l), Vn = SUp l(f n )(x), 

where tt = n/n(0,D). Here our main question is about the monotonicity of 
{rj n }. Unlike the sequences {S n } and {5' n } defined in Theorems [3] and El their 
monotonicity is simply twice applications of Cauchy's mean value theorem, 
the method does not work for the sequence {r] n } since each f n can be zero in 
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(0, D). We were unable to solve this problem for years until the appearance of 
the recent paper [5J Section 6] , in which the problem was solved in the discrete 
context. Note that Ai > iff 

5:= sup z/(0, x) /j,(x, D) < oo 
by [2J Theorem 3.7], Theorem 6.2], and Theorem [SJ 

Proposition 3. Let hypothesis (JTJ) hold and assume that 6 < oo. Then the 
sequence {r) n } defined above (i.e. {r}"} in [3J Theorem 1.4]) is non- decreasing. 

Proof (a) Firstly, we show that f\ G Recall that ip(x) = u(0,x). 

Clearly, for arbitrarily fixed xq G (0, D), we have 

fx [-D fXo 2§ 

< OO. 



r-x r-U rx 

m(v^) = / \^fd^+ / y^d/x^ / ^d// + 



vwo) 



Hence ^/Ip G L 1 ^). 

(b) Define two sequences {h n } and {f n } by the same recurrence h n = 
h n -\II (h n -\) but different initial condition: 

ho = 1, fx = h = yfy- 

We now study {/«} first. From [21 Theorem 1.2(1)], we have known that 
f 2 < 4(J/i. Assume that / n _ x (45) n - 2 /i for some n ^ 3. Then 

/„= / u(dy) [ D fn^dfi < (45)- 2 / Kdy) / D Ad/i = (45) n - 2 / 2 ^(4<5) n - 1 A 

JO J?/ JO J?/ 

By induction, this estimate holds for n ^ 2. Hence /„ G L (/x) for n ^ 1 by 
(a). 

Next, we study the sequence Fix G (0, -D). For x > xq, we have 



18 



/ii(x) = hi(x ) + / v{dy)n{y, D) 



' Xq 

< fci(x ) + —==h{x) 

45 

< hi (so) + ^= — - /i(^)- 



17 By the integration by parts formula and tp(x)fi(x,D) ^ 5, we have J^/tpdfJ, ^ 
28/ y/ip(x ) < oo. 

18 Since ^JTp f, we have J^ 15 y^d/i ^ ^/ipfj,(y, D). So 

1 a 15 1 r r ^,..,.,,„.^ aw 



v(dv)Kv> D ) < / r-rr / \/ydfti/(dy) < ^ — f / / yfpdjxv(dy)^ 

Jxa VfiV) J y VP( X °) Jx o Jy Vf{xo) 
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By induction, it is not difficult to verify that 

h n (x) < V -^=h n l - k (x Q )h{x) + K(x ). 
k =i Vf\ x o) 

Hence h n £ L > (fJ,) for n ^ 1. 

(c) Now we look for the relationship between f n and f n . We begin with 

fi = fi = \^P, 

h = I u(dy) 1° h^ = h-<h)h l {x). 



JO Jy 

By induction, we have in general 

n-l 



fn = hn ~ k n>%- 



k=l 



Thus f n £ L l (n) for every n ^ 1 by (b). 

(d) We now come to the central part of the proof: showing the monotonicity 
of r\ n . By definition of f n , we have 

e -C(x) rD f f D - \ff D - V 1 

Vn = sup - / f n dfi= sup / / n d/i / /„_ld/Z . (23) 
xe(0,D) / n W xe(0,D) \Jx J \Jx J 

Thus, r] n ^ r/ n _i iff 
f D 

/ (/n - T]n-lfn-l)dfl < 0, l£[0,D). 



That is 



(fn ~ r/ n _i/ n _i)d// ^ (7r(/ n ) - r/ n _ivr(/ n _i)) fi(x, D), 
or equivalently, 



1 



D 



This is our key observation and leads to the study on the monotonicity of S. 

(e) In view of (|24|) , we have reduced our proof to showing non-decreasing 
property of S. For this, it is enough to show that 

rD t-D 

Kv> D ) \ (Vn-lfn-l ~ fn) d/i ^ /i(x, D) \ {j] n -\fn-\ ~ fn) d/i 
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for any x, y 6 [0, D) with x < y. By separating f n and / n -i, the last inequality 
is equivalent to the following one: 

/^(dn) /"(/n-lW-Zn-lM) /i(dt)< A(du) [ V (fn(t)-fn(u)) /i(dt). 

(25) 

To see this, it suffices to check that 

/n(«) - /n(*) < ^n-l(/n-l(«) ~ /n-l(*)), U ^ t. 

To check the last inequality, consider n ^ 3 first. Then 

/ n (u) - / n (i) = / v(dy) / /n-id/x (by definition of /„) 

i/(dy) y / n _ 2 d^ (by tf21) 
= ^/n-i(/n-i(u) - fn-i(t)) (by definition of /„_i), u^t. 

It remains to check the required inequality for n = 2. By definition of r/i, we 
have 

/ f 1 d f i = l(f 1 )(y)^ m . 
Jy 



m 

It follows that 



h(u)-h{t) = [ U v(dy) [° fidfi < % f f'M&y < m{fM-h{t)), u > *. 

We have thus completed the proof of the monotonicity of in the contin- 
uous context. □ 

The monotonicity of {rj n } means we can theoretically improve our lower 
estimates of Ai step by step. There is a similar result for the upper estimates 
but omitted here. It is regretted that the converges of {r]~ 1 } to Ai (as n — > oo) 
remains open. All examples we have ever computed support the convergence. 
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Appendix A Complement of the proofs in Section 3 

A.l Complementary proof of the two circle arguments: lower 
estimates 

Let us review the circle arguments for the lower estimates first. 

Ao ^ A ^ sup inf I(f)(x)~ l 
fe&i xe(o,D) 

= sup inf II(f){x)- 1 = sup inf II(f){x)- 1 

f e jFjxe(p,D) f e jF n xe(o,D) 

^ sup inf R(h)(x) ^ Ao, 

where 

Ao := inf {£>(/) : fi{f 2 ) = 1, f € ^(0, D)n<*f[0, D), /'(0) = 0, and/p) = 0}. 

We prove the circle arguments through the following (a)-(e) steps. 

(a) Prove that A > A ^ sup /6J?// inf^o^) II(f)(x)~K 

The first assertion is obvious by definitions of Ao and Ao- The second one 
is proved in the main text. 

(b) Prove that 

sup inf /(/)(x)" 1 = sup inf iUfMx)- 1 = sup inf ZZ(/)(x) -1 . 

/eJ^ xe(o,D) /ej?/ xe(o,D) f ^ n xe(o,D) 

For / G #i, without loss of generality, assume that sup xe ^ D ^ I(f)(x) < 
oo. By using Cauchy's mean value theorem, we have 



sup n(f)(x) = sup — ^- / u(ds) [ fdfi 

x£(0,D) x-g(0,D) J\ x ) Jx JO 

< sup -( [ D e~ c ^ds [ S fdfj)( [ D f'(t)dt) 1 

x£(0,D) \Jx JO / \Jx J 

e -C(t) rt 

< SU P —fFTfy / 

= sup I(f)(x) < OO. 
ze(o,D) 

Making infimum with respect to / E J^i, we have 

inf sup II(f)(x) ^ inf sup I(f)(x). 

f^i xe(o,D) f^i xe(o,D) 

Since J^/ C J^}/, the left-hand side is bounded below by inf j e jr J7 sup xG (o,.D)^(/X x ) 
Hence 

sup inf J(/)(x) _1 ^ sup inf II(f){x)- 1 ^ sup inf //(/)(x)" 1 . 

/e^ 7 ^G(o,D) ' /e ^ 7 xe(0,D) f e # n x£(0,D) 
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To obtain the equality signs, it suffices to show 

sup inf n{f){x)~ 1 ^ sup inf I{f){ X y l . 

fe&n ^e(0,D) f e 3F z x6(0,£>) 

To do so, let / G ^n- Without loss of generality, assume that vni x e(o,D) R(f) 
(x)- 1 > 0. Then / G tf[0, D] and / > 0. Put 

g(x) = fll(f)(x)= f C \(ds) f'fd/M. 

Jx JO 

Then g G &i and 

- g >(s) e C(s) = f'fduz [ S gd » inf 44 tors£(0,D). 
Jo Jo xa{o,D) g(x) 

That is I(g)(s)^ 1 ^ ini xe r ^ II(f)(x) . Making infimum with respect to 
s G (0, D), we obtain 

inf I(g)(s)- 1 ^ inf HUMx)' 1 . 

The assertion now follows by making supremum with respect to g G &i on 
the both sides of the inequality first and then with respect to / G ^u- 

A different way to prove the equalities here and in (a), without using the 
continuity of a and b, is to show that 

sup inf ^ A . 

f e <?jX£(0,D) 

By the comments below Lemma [5] and ([lip , we have seen that Ao = 
I(g)(x)~ 1 for x G (0,D). In view of Lemmas 2] and [5l it follows that g G J^Y 
and 

A = inf I(g)(xy 1 SC sup inf 
/n t/ie following two steps, assume that a,b G ^[0,D]. 

(c) We show that sup /gjrjJ inf xe (o,D) u {f){ x )~ l > sup ftejr inf x e(o,D) R{h){x). 
To this end, recall that for each /i G with /i = <//<? ( see Remark [1]), we 
have 

R(h) = -(ah 2 + bh + ah') = 

9 

Before moving further, we prove that if R{h) > for a positive g with 
g'(0) = and h = g'/g, then g must be strictly decreasing. In fact, we 
have R(h) = -Lg/g > 0. Let / = gR(h) > 0. Then Lg = -/. Moreover, 

g'( X ) = - e C{x) JX | d/x gince =Q go g , < q Qn ( Q D y 

Now, we return to our main assertion. It suffices to show that 
inf R(h)(x) < sup inf //(Z)^)" 1 , /i G J4f. 

xe(0,D) f& ,? n x€(0,D) 
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Without loss of generality, assume that inf x e(o,D) R(h)(x) > 0. Then 

R(h)(x)>0 for x G (0,.D). 

Let / = — (ag" + bg') = gR(h) (gis the function given above). Then Lg = — /, 
/ > and / G tf[0, D] since a, b G -Jf [0, £>]. Since Lg = -f and #'(()) = 0, we 
obtain 

s(z) - ^(D) = / !/(d S ) f /d/x = f(x)II(f)(x) 



by (HHD- That is > f(x)II(f)(x) since ^ 0. So 



WO*) -1 = fSp #(/)(*) fo r * e (0,-D)- 



Furthermore, 



inf i?(/i)0) inf II(f)(xY l < sup inf iZY/Xx) -1 , 
xe(o,D) y Jy ' xe(0,D) yJ ' K ' /e / w xG(0,D) WA ' 

and the assertion follows since /i G ^ is arbitrary. 

(d) Prove that sup h6 ^ inf^^D) R(h)(x) ^ A . 

Let /£iVU = /#(/), and h = g'/g on [0, D). Then 

/i G Jf , L 5 = -/, and R(h) = — — = - > 0. 

9 9 

Thus, sup heJ ^ inf^g^^) R(h)(x) ^ 0. Without loss of generality, assume that 
Ao > 0. Since a, b G ^[0, D], by LemmaQ] (2), there exists an eigenfunction g 
such that Lg = —Xog. Furthermore, 

ff'(0) = 0, g\ {0 , D) >0, g'\( , D )<0 and <? G V 1 (0, D) D tf[0, D] . 

Let /i = g'/g. Then /i G ^(0, D) n 'if [0, D], /i(0) = 0, /i G JT, and 

R(h)(x) = -^M. = A for x G (0, D). 
9{x) 

So the assertion follows immediately. 

(e) We now prove that the supremum in the first circle arguments can be 
attained. The case that A = is easier since 

= A > inf I/mW-^O and = A ^ inf I(f)(xY l > 
xe(o,£>) xe(o,D) 

for every / in their corresponding domains, as an application of the first circle 
arguments. Similarly, the conclusion holds for R as seen from proof (d): noting 
in the degenerated case that v(0,D) = oo, we have Ao = (which is a simple 
consequence of definition ([2]), see also the proof of Theorem [2] given below) 
and then h = since the eigenfunction is constant in the case. 

Next, we consider the case that Ao > 0. Let g be its eigenfunction. For R 
the supremum is attained at h = g' / g as seen from the last paragraph of proof 
(d). For the operator I and II, we have already seen that 1(g) = 11(g) = Aq" 1 
according to Lemma and the remarks below Lemma □ 
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A. 2 Complementary proof of the two circle arguments: upper 
estimates 

For the upper estimation of Ao, we review and show the circle arguments in 
the following. 

A < >f sup II(f)(x)- 1 = inf sup II(f){ X y l 
fe&n U 2esu P p(/) fe.P„ xgsu PP (/) 

= inf sup JJ(/)(x) _1 = inf sup 
fe&i xGsu PP (/) fe&i xe(o,D) 

= inf sup I(f)(x)~ 1 

fe^'j xG(0,D) 

^ inf_ sup R(h)(x) ^ Ao- 

h£jTx£(0,D) 

(f) The assertion that Ao ^ inf^j^y ^, sup,j. esup p( f ) II(f)(x)~ 1 is proved 
in our main text. 

(g) Prove that 

inf sup II{f){x)~ l = inf sup II(f)(x)~ 1 = inf sup I(f)(x)~ . 
fe&n xesupp(f) /e,j?/ xesupp(f) fe&i xg(o,d) 

Let / G J^j, there exists xq, x± G [0,-D) such that / = /(• V xq)1[ ^ Xi ^ G 
< ^ 1 (xq,xi) n ^[xo,xi]. By Cauchy's mean value theorem, we have 



inf n(f)(x)= inf / * e~ c ^ [ fdfidt 

xSsupp(f) xE[x ,xi) j(x) J x J Q 

> inf -i— e -CW f/d/x 

x£lx , Xl ) -J'[X) Jq 



inf I(f)(x). 



So the assertion that 



inf sup II{f){x)- 1 sC inf sup II(f){x)~ l ^ inf sup J(/)(x) _1 

/G^/7 xesupp(f) /6^j zGsupp(f) fe&i xe(0,D) 

follows by &i C &n- 

There are two choices to prove the equalities. The first choice is proving 
the assertion that 

inf sup /(/Xx)- 1 ^ in| sup JJ(/)(x) -1 . 

fe&i xe(o,D) /e.^xGsupp(f) 

For / G 3x G (0,L>) such that / = /i[o, xo ) and / G ^[0, x ]. Let 

9 = /- a "(/) 1 su PP (f)- Then 

g(x)= u(ds) fd»l [QiXo) (x), g€&{Q&i, 

Jx JO 
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and Lg = — / on [0, xo) by simple calculation. Since g'(0) = 0, replacing [0, D] 
with [0, xo) in Q, we have 

-e c ^g'{x)= f f&iJL^ [ X gd(i sup x < x Q . 

Jo Jo te(p,x ) flW 

Hence, 

-e c ^g'(x)( T gdp) < sup II{f){x)~\ x < x . 

\Jo J aigsupp(f) 

Making supremum with respect to x € (0, xq), we have 

sup I(g)(x)- 1 = sup Iig^x)- 1 ^ sup II{f)(x)-\ 

x&(0,D) x£{0,xq) a;Gsupp(f) 

The assertion now follows by making infimum with respect to g € J^j first, 
then with respect to / € &n. 

The second method for the identity is making a small circle below. 
Since 

A < inf sup < inf sup II{f)(x)- 1 

fe&ii xesupp(f) fe&i xGsu PP (f) 

^ inf sup /(/Xx)- 1 ^ inf sup /(/)(x)-\ 
fe&i xe(o,D) fe^'j xe{o,D) 

it suffices to show inf sup I(/)(x)~ 1 ^ Aq. 
fe^'j xe(a,D) 

To see this, we introduce an approximating procedure. Recall that 
A^ M = M{D(f) : M (/ 2 ) = 1, / € V\0,p) ntf[0,p], f\ M = 0}. 

Let p n G (0,D), p n t £>• Then A[, ' Pn) ! A by Lemma 1(1), where Aj ' Pn) is 
the first eigenvalue of the Dirichlet form (D,@(D)) restricted to (0,p n ) with 

ND-boundaries. Now, let g be the eigenfunction of Aq ' 7 '™'' > 0. Extend g to 
the whole space by setting g = gt^ Pn y By using Lemmas H] and [5l it follows 

that g E J^j. Furthermore, 

A{,°' Pn) = sup I{g){x)~ 1 = sup I(g)(x)~ 1 ^ inf sup I(g)(x)~ 1 . 

xe(0,p n ) xe(0,D) g&^'j xg(0,D) 

The assertion now follows by letting n — > oo because of Ao = Ao- 
In the following two steps, we assume that a,b S ^[0, D]. 
(h) Prove that inf /& ^ suPa. e ( 0l r») ^CfXXT 1 < i nf he ,^sup xe(0 D) R(h)(x). 
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Firstly, for h G Jff, 3x G (0,1?) such that R(h) > on (0,x ). We use 
[o,x ) instead of R(h)\[o iXo ) as in (c). Hence, 



R(g)(x) 



-(Lg/g){x), x<x ; 

0, X ^ Xq. 



Secondly, we turn to the main assertion. 
Let / = gR(g). Then 

/ = A[o,xo)> Lg = -f on(0,x ), 

and / G & n since a, 6 G 'rffO, £>]. Noting that g'(0) = and g(x ) = 0, by 
(fTUj) . we have 

/xo /-x 
v(dx) I fdfi = f(y)II(f)(y) for y < x . 

So 



o 



R(h)(y) = ^\ = Il(fXy)- 1 for y < x . 
Making supremum with respect to y G (0, xq), we have 

sup R(h)(y)= sup II(f)(y)-\ 
2/G(0,x ) ye(0,x ) 

and the assertion follows immediately by making infimum with respect to 
h G Jt? first and then making infimum with respect to / G 

(i) Prove that inf hg ^rsup :Ee(0iD) R(h)(x) ^ A . 

When D < oo, since a, 6 G ^[0, D], there is an eigenfunction g satisfying 
h ■= L G jj^ = = A . 

Indeed, since a, 6 G ^[0,D], we have 5 G <?f 2 [0,L>], #'(0) = 0, g{D) = 0, and 
g' < on (0,1?). Hence, /i(0) = 0, fr(Z?) = 0, h < on (0,1?), and /i G 
^(0,1?) r\^[Q,D]. Moreover, R(h)(x) = -(Lg/g)(x) = A > 0. So the 
assertion holds for D < oo. 

When I? = oo, let p n f oo. For fixed p n , as the last part of (g), denote by 
g the eigenfunction of Aq°' p "^ > 0, i.e. 

Lg(x) = -\ i °' Pn) g(x), x G (0,p n ). 
Since a, b G ^[0, Z?], we have 

g || on (0,p n ), 5 '(0) = 0, g( Pn ) = 0, 5 G ^ 2 [0,p n ]. 
by Lemmas HI [5] and [6l 
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Let h n (x) = -g'(x)l[ , pn - ) (x)/g(x). Then h n (x) G Jt? and 

X^' p ^ = SU p R(g)(x) ^ _ inf sup R(h)(x) 

xe(o,p n ) /ie^°,supp(h)=(o,pn) xe(o,p„) 

^ inf sup R(h)(x) 

/i€jr,supp(h)=(0,p n ) x€(0,D) 

^ inf_ sup R(h)(x). 

heJ^xe(0,D) 

The assertion now follows by letting n — > oo. □ 

A. 3 Proof of Proposition [2] 

The proof consists of the following four parts. 

(a) The assertion that 

sup inf R(h)(x) ^ sup inf R(h)(x) ^ A > 

is proved in our main text. 

(b) Prove that Ao = sup^g^inf^g^D) R(h)(x) whenever fi(0,D) = oo. 
From (a), it suffices to show that 

Ao ^ sup inf R(h)(x), 

he J?xG(0,D) 



or equivalently 



An ^ inf R(h)(x) for every h G J$f. 



In view of (a), without loss of generality, assume that mi x€ ^ 0D ^ R(h)(x) > 
for a given hel&. Let / = -(ah' + bh). Since h< on (0, D) and h(0) = 0, 
we have 

/' = h~R(h) < and f'(0) = 0. 

Thus, / G ^(0, D) n^[0, 1?]. It follows that / G J^> once we show that / > 
on (0,L>). 

For this, fix x G (0, D). By integration formula by parts and h(0) = 0, we 
obtain 

[ X fdfi = -e c{x) h(x) >0. (26) 
Since / LI., if /(xn) ^ f° r some xq G (0, D), then 



px 

J XQ 



fdfi < f(xo)fj,(x ,x), x > xq, 
and the right-hand side of the above inequality converges to — oo as x — > D. 
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By (|26|) . we obtain 

'0 Jx 



rx i-xq i-x 

< / /d/i = / /d/i + / /d/z — > — oo as x — > D, 

JO JO Jxn 



which is a contradiction. So / > on (0, D). 
Because of ([26]) . we have 



— f'(x) ( e~ c(x) f' x \ _1 

Making infimum with respect to x E (0, Z?) first and then making supremum 
with respect to / E we obtain the assertion by the variational formulas 
for lower bounds in Theorem Q](l). 

(c) Prove that A = sup hg ^ ; mi xe ^ D ) R(h){x). 
It suffices to prove that 

Ao ^ sup inf R(h)(x). 

The main body in proof (b) is to prove that the function / defined there is 
positive, this is automatic due to the definition of J%1. So the proof (b) can be 
applied to h E directly. Hence, Ao ^ sup fteJ ^ mf x£ ( D ^ R(h)(x) and then 
the equality Ao = sup ftgJ ^ inf-^^u) R(h)(x) follows. □ 

A. 4 Proof of Lemma [7] 

Define M(x) = Jjf m(y)dy. Using integration by parts formula, we have 



m{yW{y)dy= / i; r (y)dM(y) 
Jo 

= ip r (x)M(x) - r [ ^ r - 1 {y)^'{y)M{y)dy (by M(0) = 0, ^(0) < oo) 
Jo 

/•x 

^ n\) T ~ l (x) — cr ip r ~ 2 (y)il)'(y)dy (since Mtp ^ c, tp' = —n ^ 0) 



Jo 

cr -i {x) __^_ {r -i {x) _ r -i m 

C l.r-lr„\ Cr „i.r-lfr\\ ^ C j.r-l, 



V (x) - -— V~ (o) < — — V r ~ {x). □ 



1 — r 1 — r 1 — r 



A. 5 Proof of Theorem [2] 

Firstly, the assertion Ao ^ (4<5) _1 is proved in the main text. 

Now, we show that Ao ^ 8 . Let xq, x\ E [0,-D) with xq < x\. Set 
/ = u(xq V ;Xi)l[ 0jXl y Then / E ^j, /' = -e~ c on (x ,xi), and 



fx fdH + v(xo,xi)fi(0,xo), xE (x ,xi); 
oo ( by convention, 1/0 = oo), otherwise. 
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Thus, I(f)(x) achieves its minimum at x = xq+, and 

inf I(f)(x) = inf I(f)(x) = p(x o ,xi)fi(0,x ) ->■ fi(0, x )u(x , D) 

x€(0,D) x£(xq,xi) 

as x\ — > D. Hence, 

Xq 1 ^ sup inf I(f)(x) ^ sup //(CI, Xo)i^(a;o, -D) = 6. 

xo£(0,D) 

Another method to show that Ao ^ S" 1 is using the classical variational 
formula: 

II fXQ,X 1 \\ 

A„, ^ sup ' V. 

By simple calculation, we have 

n/*o,*i|| = / D /^i2 d/1= ^ (xo)Xi)/i(0):ro)+ r\2 itxi)d ^ 

JO Jx 

D(f x ^)=u(x ,x 1 ). 

Thus, 

II jzo^i II 

V 1 = V 1 = > SU P r>ftx n xA ^ sup K^o,a;i)M(0,a;o) = 6 

xo,xi:xo<xi L)\J L J a;o,xi:a;o<a;i 
by Lemma [2] and Proposition H](l). □ 

A. 6 Proof of Theorem [3] and Corollary [T] 

We prove the assertions through the following six steps, 
(a) By Cauchy's mean value theorem and (|19[) . we have 

<5i= sup ff(/i)(x)< sup I(/i)(xX45, 

x£(0,Z>) x€(0,D) 

and 

X Tilt \l \ fn+2{x) . fn+l(x) 

6 n+1 = sup II{f n+ i){x) = sup — ^ sup ———— = d n , 

xe(0,D) x£(0,D) Jn+l{X) x£(0,D) Jn{X) 

which means the monotonicity of 6 n with respect to n. 
Notice that 

P -C(x) 



/i(x) = V^)>0, /((*) 



We have f\ S ^ [0, Z)] and /i G J^#. Moreover, by induction, we have f n 6 
for n ^ 1. Therefore, 

A ^ sup inf II(f){x)- x ^ tf" 1 for n > 1. 

/e^/ x€(0,D) 
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(b) By Cauchy's mean value theorem, we have 
inf Il(f^) (x) = inf r e~ C{s) ds f ft °'*M M 

^ inf [ X f*°^dti= inf / 



X fX\ 



/-an 

d/x / dz^ = fi(0, xq)u(xo, x\). 
o Jxq 



Thus, 



sup inf (x)^ sup /u(0, xo)^(xo, xi) = sup /i(0, x)z/(x, -D), 

xo,a;i:xo<xf J; < a: i xo,xi:xo<xi xG(0,D) 

which is just 5[ ^ 5. 

Meanwhile, for the same reason, we obtain 

mf Hfn+?)W = ^§TTT > mf ^^TTT = ^ tf(/»° ,X1 ) (*)■ 

x<xi x<xi /.^^ (Xj £<:ri J n (xj z<£i 

which implies that 

= sup inf tf(/£f ) (x) > sup inf (x) = ^, 

i.e. <5^ is increasing in n. 

(c) Noticing that 

/r ,!Bl = 1/(^0 V.,xi)l [0i!B1 ) and {f 1 °^)\x) = -e- C ^ on(x ,x 1 ), 

we have f*°' xi G ^(xo, x x ) n <^[xo, x x ] jmd further /f ^ 1 G ^ C J^/j. It 
is easy to verify that fn°' Xl G J^V C J^j? for n ^ 1 by induction. From 
the variational formula for upper bounds, we obtain the following inequalities 
below immediately. 

A ^ inf sup //(/)(x)- 1 ^ inf sup Il{f n x °' Xl ) (z) _1 = <C\ * > 1- 

/6#/ xesupp(/) xo,a;i:xo<a6i x <xi 

(d) Since fn°' Xl By definition of A*, it is obvious that 

(<5 n ) 1 ^ A* = Ao = Ao 

by Lemma El and Proposition Q](l). Next, let / = f%°' Xl . Replacing //!(/)(■ A 
Xo)l sup p(/) = Z^+i 1 with g in (fTHj) . by definition of A*, we obtain that 5 n+ \ ^ 
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(e) The computation of 6\ is simple, Here we only compute 5\ and 5[ in 
details. Firstly, for any x E [xo,xi), we have 

Jx JO JO JtVx 

rxi rxi t-x\ 

= / /z(di) / du I dv 

JO Jt\fx JtVx 

XO fX\ fX\ 

fi(dt) 

J xo J x J xq 

Xl fX\ fX\ 



pxi px pxi pxi 

du du + I n(dt) / du du 

J X J XQ J t J X 

px± px± pxi 

+ / (i(dt) / du du 

Jx Jt Jt 



n Jt 
u(x , x{)u(x, Xi)fl(0, Xo) + 
ran 



•I'd 



+ / u(t,x 1 ) 2 f i(dt) 

Jx 

--: ( u(x , x^fiiO, x ) + Hi(x) ) u(x, Xi), 



where 



1 



■i-i 



Hi(x) = / is(t,xi)n(dt) + — / v (t,X!)fi(dt), x£[x ,xi). 

Jxo U{x,Xl) J x 

Noticing that f x °' xi (x) = u(x,xi) for every x E [xo,x±), we have 



if'* 1 0*0 

X$iX<X\ ' (X) XQ^X<X\ 



i?L -^o^TTZn =l/ ( x o, xi)//(0,x )+_ inf _ H 1 (x) = u(xo,x 1 )n(0,xo)+Hi(x ). 



In the last equality, we have used the fact that Hi is non-decreasing on [xo, x\). 
Indeed, fix x, y E [xo, x{) with x < y. Since u(t, x\) is decreasing in t E (xo, x\), 
we have 

1 f y f y 11 

i/ 2 (t,xi)fi(dt) ^ / u(t, xi)fi(dt) and — r > 0. 



v{x,x x ) J x ' J x ' v{y,x x ) v{x,x x ) 

Moreover, 

I rv rv 

u 2 (t,xi)fi(dt) < / u(t, x)n(dt) 



v(x,Xl) Jx 



which implies that H\{x) ^ H\{y). So H\ is non-decreasing on [xq, x\). There- 
fore, 

S[= sup inf Il(f*°> xi )(x) = sup inf 2 

xo,x\:xq<xi x < x ^ XQ,xi:xo<x\ x 0^s x< - x l j\ \% ) 
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= sup I v(x , xi)fj,(0,x ) + inf Hi(x] 

XQ,Xy.XQ<X\ \ XQ^iX<Xl 

= sup ( v(x ,xi)n(0,x ) + ——^ f v 2 (t,xi)n(&t) ) (28) 

xv,xv.x <xi V V(XQ,Xx) J XQ J 

= sup (u(x , £>)/i(0, x )+ 1 / ^,Z%(d£)Y (29) 
s e(o,D) V v\xq,l>) j xo j 

In (f2"9"j) . we have used the fact that 

1 f x 

H 2 (x) := v(x ,x)[i(0,x ) + — -/ v 2 {t,x)n{dt), x > x 

v(x ,x) J xo 

is non-decreasing in x. In fact, for xq < x < y, Hz(x) ^ #2(2/) if and only if 

v(x, yMO, x )+— ^— [ V u 2 (t, y)»(dt)+ f f^M^_^l\ (dt) ^ o. 

(30) 

For t 6 [xo,a;], we have 

v 2 (t,y) - ( l + > j + K^y) > x + K^s/) _ ^(^o,y) 



v 2 (t,x) \ u(t,x) J u(t,x) v(xo,x) i>(xq,x) 

and 

z/ 2 (t,y) i/ 2 (i,x) 



u(x ,y) ^ v(xo,xY 

So the inequality (|30p follows, which implies that is non-decreasing in x. 
Now, we compute <5i. Noticing that 

ll^o.^n = ; ^(^^^^(dx) + / i/ 2 (x,xi)/i(dx) 
= v 2 (x ,xi)ii(0, xq) + / z/ 2 (s,a;i)//(da;), 

J XO 

fX\ fX\ 

D(fT- Xl )= e c ^{(f 1 ^)'{s)fds = e- c ^ds = v(x , Xl ). 

Jx Jx 

we obtain 

x ,xr-x <x\ JJ\Jx ) 

XI 

2 



= sup iu(x ,xx)n(0,x o ) + —. r v (x,xi)n(dx) ) . 

xo,xi:xo<xi V ^(.^Oi^lJ Jxo 

Comparing this with the expression of 5[ in (|28p . we obtain <5i = 5^. 
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(f) At last, we show that 5[ ^ 25. Without loss of generality, assume that 
5 < oo. Using the integration by parts formula, we have 

px px 

/ i/ 2 (sVx , J D)/i(ds) = y 2 (x,%(0,i) + 2 / /i(0,s)^(s,L>)e" c(s) ds 

JO Jx 

6v(x, D) + 25 I e- c{s) ds, x ^ x . 

By letting x — > D, we obtain 




u 2 (s V x Q , D)n(ds) ^ 25u(x , D), 



or equivalently, 

1 f D 

u(x , D)n(0, x ) + -. — / v 2 {s, D)ti(ds) ^ 25, x £ (0, D). 

v{xo,JJ) J Xo 

Making supremum with respect to xo € (0, D) on the both sides of the in- 
equality, the assertion that 5[ ^ 25 follows from (|29p immediately. □ 
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Appendix B Complement of the proofs in section 4 
B.l Proof of theorem H] 

Similar to the ND situation, we adopt two circle arguments follows. 

A > A (31) 

^ sup inf II(f)(x)- l = sup inf II{f){x)- 1 
fe&n ze(o,D) /ejr, xe(o,D) 

= sup inf I(f)ix)- 1 (32) 

^ sup inf R(h)(x) (33) 

he jg>xe(o,D) 

> A . (34) 

and 

A < Jnf sup //(J)^)" 1 (35) 
fe& a \J&' n xe(o,D) 

< inf sup II{f)(x)~ l = inf sup II(f){x)- 1 

f&^n xe(o,D) fe^ixe{o,D) 

= inf sup I(f)ix)- 1 (36) 
fe£ixe(o,D) 

< inf_ sup R(h)(x) (37) 

< A . (38) 
The assertions below are proved in Theorem 1.1] and [JJ Chapter 6]. 

A ^ sup inf //(/)(x)" 1 = sup inf J(/)(x) -1 = sup inf IJ(/)(a;) -1 ; 

f e & n x£(0,D) f e & z xe(Q,D) x&(0,D) 

(39) 

A ^ inf sup //(/Xx)" 1 = inf sup /(/)(x) _1 = inf sup 

/e^"// xe(0,D) /GJ? 7 xG(0,D) /G^ 7 xG(0,D) 

(40) 

Actually, from OH], it is known that 

A ^ sup inf II(f){x)- 1 = sup inf /(/X^)" 1 , 
f e ^ n xe(o,D) fz&j xe(o,D) 

and 

A inf sup II{f){x)- 1 = inf sup 
/e^ir a6(0,Z>) /6^> ae(0,Z>) 

Thus, ([39]) holds since ^} C j^/j and sup^^D) H(f)( x ) ^ su Pxe(o,D) Hf)( x ) 
by Cauchy's mean value theorem. (|40p holds for the similar reason: 



&i C & n and inf II(f)(x) ^ inf If/) (a?). 



In particular, we have known (|3ip . (|32p and (J36J) since the inequalities in (J31 
and (j36|) are obvious. It remains to prove (j33|) - ([35|) . ([37|) and ([38]) . 
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We now begin to work on the additional part of the proof under the as- 
sumption that a,b G ^ except proof (c) below. 

(a) Prove that sup /ejrjJ inf a . e(0)D ) II(f){x)~ 1 ^ sup ftejr inf^o,^) R(h)(x). 

Given h G Jif, let g(x) = g(e) exp [ J x h(u)du\ , x G (0, D) for a fixed e > 0. 
Then c/e^ 2 (0,£>)n ^[0,-D], 

g(0)=0, > 0, and h = — on(0,D). 

9 

Furthermore, 

R(h) = -{ah 2 + bh + ah') = 



To show that 

inf R(h)(x) ^ sup inf II(f)(x)~ 1 for every h G Jf, 

without loss of generality, assume that inf x6 (g D ^ R(h)(x) > 0. This ensures 

f :=-(ag" + bg')=gR(h)>0. 

Then / > and / G tf[0,D] since a,b G <*f[0,L>]. Since f = -(ag" + bg') = Lg 
and ^ 0, by @, we have 

^ </(*) - </(£>) = e" C(s) / D /d M , a G (0, D). 

J s 

Moreover, we obtain 

g(x) > f u(ds) [ D fdfi = f(x)II(f)(x), x G (0, D) 

JO Js 

since g{Q) = 0. Thus, 



R{h){ x y l > > n(f)(x), xe(o,D). 



Therefore, 



inf R(h)(x) ^ inf I/(f)(a;)" 1 ^ sup inf HUMx)' 1 . 

xe(o,D) y A y xe(0,£>) / e ^ r a.e(0 1 £>) 

The assertion follows since /i is arbitrary. 

(b) Prove that sup h£J ^ inf^^D) R(h)(x) ^ Ao- 

Firstly, we show that sup feGi ^ inf x6 ( 0] £)) R(h)(x) ^ 0. For a given positive 
/ei'M, let 5 = ///(/). Then 

</(*) = e" C(a;) ! D /d M >0. 
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Let h = g' / g. By simple calculation, we get 



-f = ag" + bg' and R(h) = -(ah 2 + bh + ah') = -— = ^ > on(0,L>). 

This implies mi xe ^ D ^ R(h)(x) ^ and the required assertion follows. 

When Ao > 0, It was proved in [TJ Theorem 2.2] and [U Proof (d) of 
Theorem 3.7] (also mentioned in the proofs of [3j Theorem 1.2]) that the eigen- 
function of Ao is strictly increasing. Even though Ao could be formally bigger 
than Ao, the same proofs still work for the eigenfunction g of Ao since the 
constructed function g used there satisfies g = g(- A xq) for some xq £ (0, D). 
Hence, there exists an eigenfunction g such that 

Lg = -\ g, 5 (0) =0, and g G "«f 2 (0, D) n ^[0, D]. 

Let h = g'/g. Then h G «*((), D) n ¥[0, D], h £ J$? and 

#(/t)(x) = -M^l = A for x€(0,D). 
9{x) 

So the assertion follows. 

(c) Prove that Ao ?S inf ^ e jr J/L jjF/ su Pxg(o,d) 

When D = oo, this is almost done in the original proof of (3J Theoreml.l] 
except that one requires an additional condition g £ L 2 (fi), provided xq = oo 
is allowed. This is the reason why the set is added. Anyhow the proof is 
similar to that of Theorem [1] presented in Section 3. 

(d) Prove that mf /g ^ sup^o ^ J/(/)(x)- 1 < inf^^sup^o^) &{h){x). 

Firstly, for h G Jif, 3xq G (0, D) such that h\^ xo \ > 0> /o+ h( u )du = oo, 
and /i|[a; 0> _D] = 0. Similar to the proof (b) above, given g, we change the form 
of R(h) on (0,xq). Thus, 



R(h) 



~(ag" + bg')/g, on(0,x ); 
0, otherwise. 



Next, for he Jf , let 

/(x) = [gR(h)](x) = -ae~ c (e c g')' (x) for x ^ x ; f(x) = f(x ) for x > x . 
Then / G i% since a,b € if [0, D], and 

e c W 5 '(x)= r fdfi + e c ^g'(x ) for x < x ; e c ^)g'(x ) = / D /d/x. 



Mixed Principal Eigenvalues in Dimension One 



43 



Moreover, we have g'(x) = e c ^ J D fd/i, which implies that 

f i/(da) / fd/J, and R(h)(x)- 1 = ^ < H(f)(x) for x £ (0, x ). 

Jo Js J[ x ) 



g{x) 



Therefore, we get 



sup R(h)(x) ^ sup //(/)(x)" 1 

xG(0,xo) xG(0,xo) 

^ _inf sup II (nix)- 1 

^ inf_ sup ir(/)(x) _1 . 



Furthermore, we obtain 



inf sup II(f)(x) 1 ^ inf_ sup R(h)(x). 

fe£ n xe(P,D) h£Jfx£(0,D) 



(e) Prove that inf_ sup R(h)(x) $5 Ao- 

/iG^'xg(0,D) 

Recall the definition of Ao : 

Ao = inf {£>(/) : ^(/ 2 ) = 1, /(0) = 0, / = /(• A x ), / <E ^(0, x ) D [0, x ] 
for some xo € (0,-D)} =: Ao- 

Let pn'l D and denote by Aq '^ the corresponding eigenvalue determined by 

L|( 0)Pn ) (The same as the proof of [HJ Theorem 1.2]. Then X^'' Pn ^ 1 Ao by using 
the proof of [9j Lemma 5.1]. □ 

B.2 Proof of Theorem El 

(a) We remark that the sequence {fn X °^} n€N is clearly contained in J^j. But 
the modified sequence used in [3J Theorem 1.2]: 

f[ Xo) = <p(. A x ), = fi x °}(- A x )II(ft°k A xo)), n > 2, 

is usually not contained in However, 

S' n = sup inf Il(f^)(x) 

x £(0,D) xe(0,D) 

= sup inf Il(fW)(x) 
x e(o,D) xe(o,x ) 

= sup inf Il(/^°)(-Ax ))(x) 

x e(0,D) a:e(0,a;o) 

= sup inf J/(/^)(-Ax ))(x). 

x e(o,D) xe(o,D) 
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Here in the last step we have used the convention that 1/0 = oo. Hence, these 
two sequences produce the same {5' n }. The assertions about S n and 5' n were 
proved in O Theorem 1.2]. 

(b) Prove that S n+ i ^ S' n and 5" 1 ^ Ao (n ^ 1). 

The assertion of 5~ l ^ Ao is obvious since every function in {fjf ^ : n l} 
is a test function of Ao and Ao = Ao- Similar to the ND case, it is easy to see 
that 5 n+ \ ^ 5' n , which is a consequence of the proof of O Theorem 1.1]. 

Indeed, when proving Ao ^ iaif e & n sup xe ( 0D ) 77(/)(x) _1 (i.e £ there), we 
know that g = [///(/)](■ A x ) satisfies D(g)/fi(g 2 ) ^ sup^ %D) 77(/)(x) _1 . 
By the relation between fn°^ and f^+h we nave 

II f( x °}\\ 

> inf 77(/^))(x), 



which implies that 



r J n+1 \_ c7 

5 n+1 = sup > «5 n . 



c(x ) I 

1+1 1 

x 6(0>) 

The assertion that 5[ = 5± is proved in the appendix B.3 below. □ 



B.3 Proof of Corollary 1 

The degenerated case that /i(0,D) = oo is trivial since Ao = and 

5 = Si = 5[ = oo. 

The main assertion of Corollary [2] is a consequence of Theorem [6j Here, we 
compute Si, 5[ and prove that S[ G [5,2(5]. Compute S± first. 
Since 

px pD px px px pD 

/ v(dt) / ^d^= / u(dt) / ^d^ + / i/(dt) / y^d/i 
7o 7t 7o 7t Jo Jx 

px ps pD 

= / y/ (p(s) n(ds) / du + (p(x) / ^d^ 

JO Jo Jx 

px pD 

= \ ^(pdfi + (p(x) / y/<pdfx 

Jo Jx 



D 







we have 



<5i = sup H(y/ip){x) 
xe(o,D) 



= sup f J-^- / y/(p(pAn+^(p{x) [ ^dfl 

x£(0,D) V vV( x ) ^0 ^ 

1 /■£> 

= sup — == / y / ip(s)ip(sAx)fi(ds). 
xe(o,D) y/f{x) Jo 
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Now, we compute 5[. Note that 

iiu[ xo) )(x) = 1 [\- c ®dt r^Axo^). 

ip{x A x ) Jo J t 
The right-hand side is clearly increasing in x for x ^ xq and decreasing for 
x ^ xq. Hence, Il[f[ x °^ achieves its minimum at x = xq. By exchanging the 
order of the integrals, its minimum is equal to 

1 f D 
— — - / ip 2 (s Ax )n(ds). 
(p{xo) Jo 

So 

1 l' D 

S[= sup inf n(f[ Xo) )(x) = sup — — / ip 2 {s Ax )fi{ds). 
x e(0,D) x ^(0,D) x e(0,D) ^{xo) Jo 

Next, following the proof in the discrete case [5], we have 
. , pD pxo 



and 



D(f[ Xo} )= e c ^[ l p'(xoAx)] 2 dx= e c ^(e- c ^) 2 dx = V (xo), 
Jo Jo 

pD 

p(zo)\ _ / ,„2/ 



Kfi) = / ^(^oAxHdx). 



Thus, 



(x )\2-| 



f 1 = sup ^ ( J = fl. 

,06(0,D) £>(/<*»>) 

At last, we prove that 5[ € [5,26]. 

Following the corresponding proof in the discrete case Corollary 4.4], 
we have 

1 f D 

5[ = sup — ; — r- / (p 2 (s Ax )n(ds) ^ sup ip(x Q )n(x ,D) = 5. 
x e(o,D) VH^oJ Jo xe(o,D) 

On the other hand, using the integration formula by parts, for x < Xq, we 
have 

x i>x 

ip 2 (s)fi(ds) = -ip 2 (s)fi(s,D)\ x x ° + 2 I <p(8)<f/(s)n(s,D)d8. 



So 



D i-x 

ip 2 (s A x )(i(ds) = / ip 2 (s)n(ds) + <p 2 (x )(J,(x , D) 

J x 

x 

2 



= (f (x)fi(x,D) + 2 / (p(s)ip' (s)[i(s, D)ds 

J x 

pXQ 

sC Scp(x) + 25 e- c(s) ds 

J X 



— > 26(p(xo) as x — > 0. 
Thus f D (p 2 (s A xo)n(ds) / <p(xo) ^ 25 and the assertion 5[ ^ 2<5 follows immediately. □ 



